Abstract. We study lifts of tropical bitangents to the tropicalization of a given complex algebraic curve together with their lifting multiplicities. Using this characterization, we show that generically all the seven bitangents of a smooth tropical plane quartic lift in sets of four to algebraic bitangents. We do this constructively, i.e. we give solutions for the initial terms of the coefficients of the bitangent lines. This is a step towards a tropical proof that a general smooth quartic admits 28 bitangent lines. The methods are also appropriate to count real bitangents, however the conditions to determine whether a tropical bitangent has real lifts are not purely combinatorial.
Introduction
This paper is concerned with combinatorial aspects of bitangents to plane curves. Our main result is a classification of algebraic bitangent lines tropicalizing to a given tropical line. Such lines are called lifts. The solutions are concrete in the sense that we find the initial terms of the bitangents explicitly. As a result, our methods are easily adaptable to real Puiseux series, however, as far as we can tell the problem is not purely combinatorial in the real case.
Our motivation stems mostly from the recent study of tropical quartics and their relation with complex algebraic quartics. In 1834, Plücker showed that every smooth complex plane quartic admits 28 bitangent lines [31] . Tropical quartics exhibit a similar behavior to their complex algebraic counterparts, but admit 7 rather than 28 tropical bitangent lines [6] . More precisely, tropical lines intersecting a tropical quartic twice with multiplicity two can be grouped into natural equivalence classes of which there are exactly 7.
The existence of 7 tropical bitangent classes raises the question whether each class has representatives which are the tropicalization of a complex algebraic bitangent, and if so, how many, and how many lifts each such representative has. It is natural to conjecture that every class of tropical bitangents provides exactly 4 lifts. Chan and Jiradilok [8] studied K4 tropical quartics (i.e. tropical quartics whose underlying graph is a complete graph on 4 vertices after contracting ends/leaves), and provided a positive answer in that case. Our main result provides a positive answer for any generic tropically smooth quartic.
Theorem (See Theorem 4.1). Let C be a smooth plane algebraic quartic defined over the complex Puiseux series, whose tropicalization is a generic smooth tropical quartic Γ. Then every equivalence class of tropical bitangents to Γ lifts to 4 different bitangents of C.
Interestingly, there are equivalence classes such that one representative lifts 4 times, or such that 2 representatives each lift twice, or such that one lifts twice and 2 once, or such that 4 representatives each lift once, but there is no class with one representative that lifts 3 times and one that lifts once.
Our methods of proof include combinatorial classifications, elementary solving of systems of equations for initials, tropical modifications and re-embeddings (also referred to as tropical refinement) and a variant of the Patchworking method. While no individual ingredient in this list of methods is new, some tools had to be sharpened for our purpose, and different tools had to be coordinated and matched to allow our intended combination.
As a consequence of Theorem 4.1, we partially recover Plücker's result. Corollary 1.1. A generic tropically smooth plane algebraic quartic has 28 bitangent lines.
We believe that the techniques of this paper can be generalized to tropicalizations of quartics that do not have a plane tropically smooth model. This would yield a tropical proof of Plücker's theorem.
Our methods are not restricted to the case of plane quartics, and extend to curves of degree d ≥ 4. The formulas describing the lifting multiplicities of bitangents to arbitrary plane curves can be found in Theorem 3.1, Proposition 3.12 and Lemma 3.14.
Theorem (See Theorem 3.1). Let C be a generic smooth algebraic plane curve defined over the complex Puiseux series tropicalizing to Γ, and let Λ be a tropical line that is bitangent to Γ at two points. Then there is an explicit formula, in terms of the local combinatorics at the tangency points, for the number of lifts of Λ to bitangent lines to C.
Modern proofs for the existence of the 28 bitangents use the correspondence between bitangents and odd theta characteristics. A result due to Zharkov [36] shows that an abstract tropical curve of genus g admits 2 g − 1 effective theta characteristics. When the tropical curve arises as the skeleton of an algebraic curve, each of these can be lifted to 2 g−1 odd theta characteristics [19] (resp. [28] for hyperelliptic curves). Since equivalence classes of bitangents to tropical quartics are in bijection with the effective theta characteristics, it follows that each of them lifts to four algebraic bitangents. However, the study of theta characteristics leaves to discover which representatives within the equivalence class lift how many times, and what are concrete solutions for the initials of the coefficients of the defining equations. Moreover, it does not provide insight about tangent lines to curves of higher degree. Our paper provides answers concerning these problems.
Our techniques can be straight-forwardly adapted to real Puiseux bitangents to generic smooth algebraic plane curves defined over the real Puiseux series. In the real case, the number of bitangents depends on the topology of the curve. There can be 4, 8, 16, or 28 bitangents. The conditions governing the number of real lifts are not purely combinatorial however, they involve signs of coefficients of the defining equation after coordinate changes. While our methods lay the ground for a tropical approach to count real bitangents, we believe that a major combinatorial classification task (in which one also needs to control the coefficients after suitable coordinate changes) has to be completed before tropical geometry becomes an efficient tool to count real bitangents. We leave this combinatorial classification task for further research.
The paper is organized as follows: In Section 2, we introduce all necessary preliminaries, including tropicalizations of curves and their intersections, Wronskians and Patchworking and tropical modification and re-embeddings. In Section 3, we study lifts of tropical bitangents to curves of any degree. In Section 4, we apply these methods to provide a full classification of lifts of tropical bitangents for generic tropicalizations of quartics. In Section 5, we compute all real lifts of a certain tropicalized quartic defined over the reals. With that comprehensive example, we illustrate the applicability of our lifting methods to the real case.
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Preliminaries
We assume that the reader is familiar with tropical plane curves (i.e. balanced weighted rational planar graphs) arising as bend loci of tropical bivariate polynomials and their dual Newton subdivisions. For an introduction to this topic, see e.g. [32, 14] . Figure 21 shows an example of a tropical plane curve defined by a quartic tropical polynomial, and its dual Newton subdivision.
2.1. Intersection multiplicity. Suppose that two tropical plane curves Γ 1 , Γ 2 intersect properly, and P ∈ Γ 1 ∩ Γ 2 . Choose weighted direction vectors u 1 , u 2 for edges of Γ 1 , Γ 2 emanating from P . Then the intersection multiplicity of the two curves at P is
The balancing condition ensures that this definition does not depend on the choice of direction vectors. If the curves do not intersect properly, we use the stable intersection: choose a direction v so that Γ 1 and Γ 2 + · v intersect properly whenever is small enough. Then the stable intersection is
A plane tropical curve is smooth of degree d if it is dual to a unimodular triangulation of the triangle with vertices (0, 0), (0, d), (d, 0). Here, unimodular means that it is subdivided to d 2 triangles each having area 1 2 . We assume that the reader is familiar with the theory of tropical divisors on curves, for a lucid introduction to the theory of tropical divisors see [5] . Definition 2.1. Let D be the stable intersection of Λ and Γ. We say that Λ is bitangnet to Γ at P and Q (or that (Λ, P, Q) is a bitangent) if there exists a piecewise linear function f that is constant outside of the intersection, and such that D + div(f ) is effective and contains 2P + 2Q.
For instance, when a component of Λ ∩ Γ is an edge, there is a tangency at the midpoint of the edge. By abuse of notation, when the points P and Q are known from context, we may omit them, and refer to Λ as a bitangent.
It will often be the case that a tropical curve admits infinitely many bitangents. We therefore declare that two bitangents are equivalent if we can continuously move one line to the other while maintaining bitangency. For quartics, this is equivalent to saying that the bitangents correspond to the same theta characteristic in the tropical Jacobian [6, Definition 3.8] . For example, in Figure 21 , if we draw a tropical line with a vertex at the point 2a and then move the vertex continuously until it reaches the point 2b, we obtain a family of equivalent tropical bitangents. We will see later that the liftable members of this family are precisely the two lines with vertices 2a and 2b, and both have two distinct lifts.
From [24] , the tropicalization of every algebraic bitangent line is a tropical bitangent line. However, as we will see, there are many tropical bitangents that are not liftable to algebraic bitangents (this should not come as a surprise, considering that there may be infinitely many tropical bitangents!). However, every equivalence class of bitangents has at least one liftable representative.
2.2. Tropicalization of plane curves and their intersections. By the famous theorem of Kapranov, tropical plane curves arise as tropicalizations of curves defined over a field with a non-archimedean valuation [11] . Due to our computational approach and for the sake of expliciteness, we let K = C{{t}} be the field of Puiseux series, with valuation val sending a Puiseux series to its least exponent, and 0 to ∞. For a Puiseux series a of valuation 0, we denote by a its residue in C. Explicitly, if
For a point (x, y) in the two-dimensional torus (K * ) 2 , we call (− val(x), − val(y)) ∈ R 2 its tropicalization. Vice versa for a point (X, Y ) ∈ R 2 , we call any point (x, y) ∈ (K * ) 2 satisfying − val(x) = X, − val(y) = Y a lift of (X, Y ). Let C be a plane curve defined by the polynomial q over K. The tropicalization of C, denoted Trop(C), is the closure with respect to the Euclidean topology of the set of tropicalizations of the torus points of C. Equivalently, it is the set of points (X, Y ) ∈ R 2 in which the maximum value of − val(c) + aX + bY is obtained at least twice for monomials cx a y b of q. From the Newton polygon and the regular subdivision induced by the negative valuations of the coefficients of q, the tropicalization obtains the structure of a plane tropical curve, with weights given by the lattice lengths of the dual edges in the Newton subdivision. Any curve C tropicalizing to a given plane tropical curve Γ is called a lift of Γ.
For example, the tropical curve depicted in Figure 21 has a lift defined by the polynomial q ∈ C{{t}}[x, y]:
Analogously, we can define tropicalizations Trop(V (I)) of subvarieties V (I) of the ndimensional torus (K * ) n defined by an ideal I ⊂ K[x 1 , . . . , x n ] by applying the negative valuation coordinatewise.
Let C 1 and C 2 be two plane curves over K that do not share a component. The tropicalization of the finite set C 1 ∩C 2 is contained, but is not necessarily equal to the (set-theoretic) intersection of Trop(C 1 ) and Trop(C 2 ). In particular, Trop(C 1 ∩C 2 ) Trop(C 1 )∩Trop(C 2 ) if the latter intersection is not proper. It follows from [24] that for a given non proper intersection of two tropical plane curves Λ 1 and Λ 2 , we can find lifts C 1 and C 2 such that Trop(C 1 ∩ C 2 ) equals a given divisor D of Λ 1 and Λ 2 only if D is linearly equivalent to the stable intersection divisor, via a rational function that is constant outside the region of intersection. From this, we can deduce where a point of tangency can be in a non-proper intersection of a tropical line Λ with a tropical curve Γ:
(1) If Λ meets Γ in a line segment with stable intersection of multiplicity 2, the tropicalization of a tangency point has to be the midpoint of the line segment (see Figure 5 ). (2) If a connected component of Λ ∩ Γ consists of a vertex and 3 edges in the standard direction (so it locally looks like a tropical line), the total intersection multiplicity equals 4 and we can have two points of tangency. If the minimal lengths of the three adjacent edges is l 1 , the two points of tangency appear on the other two edges, at distance (l − l 1 )/2 from the vertex is the length is l (see Figure 14) . We refer to such an intersection as "star-shaped". (3) If Λ meets Γ in a line segment with stable intersection of multiplicity at least k ≥ 4, the line segment must contain the vertex P of Λ, and the intersection multiplicity at P is k − 1 (see Figure 17 ).
How to lift bitangents lines?
To determine a bitangent line V ( ) lifting Λ, we first set up a system of equations in which the indeterminates are the coordinates of the point of tangency and the coefficients of the line. We solve for the initial terms of the Puiseux series coefficients of . For some cases, there will be multiple solutions for the initial terms, which correspond to a higher multiplicity of a lift of the bitangent. We then complete the initial term uniquely to a Puiseux series solving our equations using the following theorem, commonly known at the non-Archimedean implicit function theorem or the multivariate Hensel's lemma [12, Exercises 7.25, 7.26] . It can also be viewed as part of the more general Patchworking procedure as described in [16, Chapter 2] .
Suppose that the valuations of the coefficients of all f i are non negative, and that for each i there is a coefficient of f i which has valuation zero. Denote J f the Jacobian matrix of f . Suppose that f (a) = 0 for some a = (a 1 , . . . , a n ) in C n , and that
Let C be defined by a polynomial q ∈ K[x, y]. We denote by (x,ỹ) a point of tangency, and by = y + m + nx the equation of a line with variables m, n ∈ K. The point (x,ỹ) has to be a common point of C = V (q) and V ( ), so it satisfies (2) q(x,ỹ) = 0 and (3) (x,ỹ) =ỹ + m + nx = 0.
Furthermore, the line defined by should be tangent at (x,ỹ), so the tangent vector (∂q/∂x, ∂q/∂y) at (x,ỹ) should be parallel to (n, 1). This can be rephrased by saying that the Wronskian
Applying the same argument for another tangency point yields 3 more equations, giving in total 6 equations in 6 variables (the two coefficients of the line, and the four coordinates of the two tangency points). We solve these equations for initial terms, then use Theorem 2.2 to lift the solution to Puiseux series by checking that the determinant of the Jacobian is invertible. The calculation is made simple due to two key observations. First, for each tangency point, the reductions of the equations to initial terms only depend on the terms corresponding to the vertices of the polygon dual to the tropical tangency point. Second, when the two tropical tangency points are in different ends of the line, then (possibly after a change of variable) the set of equations of each point only depend on the coordinates of the point, and either m, n or m n . So our system of equations breaks into two systems of 3 equations in 3 variables. These observations imply that our computation can be done entirely locally.
2.4.
Tropical modifications and re-embeddings of plane curves. Tropical modifications (sometimes also referred to as tropical refinements) appeared in [23] and have since been instrumental in various applications, see e.g. [2, 3, 4, 7, 9, 16, 21, 33] . Here, we consider modifications of the plane R 2 along tropical lines (the bitangent lines of the tropicalizations of quartics).
Modification is a geometric technique for dealing with the vexing fact that tropicalization depends on the embedding. Some geometric features can be seen in the tropicalization with respect to certain embeddings but not others. The quintessential example in our context is when two curves meet at a point, but their tropicalizations meet along a segment (resp. tropical segment). Using modifications we may reembed the curves so that their tropicalizations meet at the expected number of points.
Modifications and re-embeddings fit more broadly within the context of Berkovich theory and its relation to tropical geometry. Unlike tropicalization, the Berkovich analytification, which is the inverse limit of all tropicalizations [29] , does not depend on the chosen embedding. Philosophically this means that for a given "bad" tropicalization, we can add functions, embed our curve into bigger and bigger spaces, eventually coming "close enough" to the analytification to observe the features we care for. One of the main tools for getting closer to the analytification is via modification. The relation with Berkovich theory is not a necessary tool in our paper -and we therefore refrain from referring to it in the text to make it accessible to readers without background in Berkovich theory. Remark 2.3. We will see below that we can describe the tropicalization of a re-embedded curve inside a modified tropical plane by means of coordinate projections. Passing from one coordinate chart to another amounts to applying a linear change of coordinates to the original plane curve. If we can solve a lifting problem for a tropical bitangent after a linear coordinate change, we can of course equivalently solve the original problem. In this way, we will make use of modifications in our problem of lifting tropical bitangent lines.
Let L = max{M, N + X, Y } be a linear tropical polynomial with M and N in T R := R ∪ {−∞}. The graph of L considered as a function on R 2 consists of at most three linear pieces. At each break line, we attach two-dimensional cells spanned in addition by the vector (0, 0, −1) (see e.g. [2, Construction 3.3] ). We assign multiplicity 1 to each cell and obtain a balanced fan in R 3 . It is called the modification of R 2 along L. If Γ ⊂ R 2 is a plane tropical curve, we bend it analogously and attach downward ends to get the modification of Γ along L, which now is a tropical curve in the modification of R 2 along L.
be a lift of L, i.e. − val(m) = M , and − val(n) = N . We fix an irreducible polynomial q ∈ C{{t}}[x, y] defining a curve in the torus (C{{t}} * ) 2 . The tropicalization of the variety defined by I q, = q, z − ⊂ C{{t}}[x, y, z] is a tropical curve in the modification of R 2 along L. We call it the linear re-embedding of the tropical curve Trop(V (q)) with respect to .
For almost all lifts , the linear re-embedding equals the modification of Trop(V (q)) along L, i.e. we only bend Trop(V (q)) so that it fits on the graph of L and attach downward ends. However, for some choices of lifts , the part of Trop(V (I q, )) in the cells of the modification attached to the graph of L contains more attractive features. We are most interested in these special linear re-embeddings. This phenomenon is illustrated in examples 2.4 and 2.5. We distinguish two main cases: (I) The tropical line at which we modify the plane is degenerate in the sense that it does not have a vertex. Without restriction we assume it is the horizontal line {Y = 0}. (II) The tropical line at which we modify has a vertex. Without restriction we assume that the vertex is at the point (0, 0).
In case (I), the modification is induced by the tropical polynomial L = max{Y, 0}. Its lifts are of the form = y + m where m ∈ C{{t}} has valuation 0. The modified plane contains three maximal cells:
By construction, σ 3 is the unique cell of the modification of R 2 attached to the graph of L.
We describe Trop(V (I q, )) by means of two projections:
(1) the projection π XY to the coordinates (X, Y ) produces the original curve Trop(V (q)).
(2) the projection π XZ gives a new tropical plane curve Trop(V (q)) inside the projections of the cells σ 2 and σ 3 , whereq = q(x, z − m). The polynomialq generates the Figure 1 shows Trop(V (I q, )) and the two projections Trop(V (q)) and Trop(V (q)), whereq = q(x, z − 1) = x + t 2 x + xz + tx 2 . The Newton subdivisions of q andq are depicted in Figure 3 . The choice of lift was made in order to produce cancellation in the projectionq. For generic lifts, i.e. for l = y + m with m ∈ K of valuation 0 but with residue not equal to 1, we would obtain the modification of the plane curve, whose projection to the X and Z-coordinates is depicted in the grey shaded area.
In case (II), the modification is induced by the tropical polynomial L = max{X, Y, 0}. Its liftings are of the form = y + nx + m where n, m ∈ C{{t}} have valuation 0. The modified plane is a standard tropical plane in R 3 . It contains six maximal cells:
Now σ 4 , σ 5 and σ 6 are the cells of the modification of R 2 attached to the graph of L.
We describe Trop(V (I q, )) by means of three projections:
(1) the projection π XY to the coordinates (X, Y ) produces the original curve Trop(V (q)). Figure 2 shows Trop(V (I q, )) and the three projections Trop(V (q)), Trop(V (q xz )) and Trop(V (q yz )), where
The Newton subdivisions of q, q xz and q yz are depicted in Figure 4 .
By Lemma 2.2 of [9] (and a slight generalization to cover case (II)), the projections above define Trop(V (I q, )). The content of the lemma is to recover the parts of Trop(V (I q, )) which are not contained in the interior of cells σ i -for the images of these lower codimension cells the preimage under the projection is not unique. The projections are given by linear coordinate changes of the original curve. We can study the Newton subdivision of the projected curve in terms of these coordinate changes:
In case (I), a term a · x i y j of q is replaced by x i (z − m) j , and so it contributes to all terms of the form x i z k for 0 ≤ k ≤ j. This is called the "feeding process" and is visualized in Figure 3 . From the feeding, we can deduce expected valuations of the coefficients. The subdivision corresponding to the expected valuations is dual to the projection of the modified curve. We care for cases in which there is cancellation and the expected valuation is not taken, these are the special re-embeddings that will make hidden geometric properties of Trop(V (q)) visible.
In case (II), a term a · x i y j is replaced by a · (
n ) i y j in the projection onto the Y Z plane, and by a · x i (z − nx − m) j in the projection onto the XZ plane. We call this "cone feeding", the process is visualized in Figure 4 . Again, we are interested in cases where the valuations of the coefficients after the coordinate change are not as expected. On the left, a visualization of the "feeding process" in case (I) producingq. On the right, the Newton subdivisions of the curves q and q from Example 2.4, the number next to each lattice point denotes the negative valuation of the coefficient. The initial of the coefficient of x was cancelled via feeding from xy. On the left, a visualization of the "cone feeding" in case (II) producing q xz , resp. q yz . In each picture, the cones of three terms are exemplarily shown, corresponding to the red, green and blue lattice point. On the right, the Newton subdivisions of the curves q, q xz , and q yz from Example 2.5, the integer next to each lattice point denotes the negative valuation of the coefficient. The initial of the coefficient of x, x 2 and x 3 resp. y, y 2 and y 3 were cancelled via feeding from xy, x 2 y and xy 2 .
tangency point. In order to pick a lift that contains the tangency point, one should extend tropicalization to the boundary (see [20, 29, 33] ).
Lifting bitangent lines
In this section, we find the lifting multiplicity of tropical bitangents, according to the combinatorics of the tangency points. We treat the cases where the tangency points are on one or two connected components of the intersection separately. Let (Λ, P, Q) be a tropical tangent line. We assume throughout this section that P and Q are different points.
3.1. Lifting tropical lines tangent at two points of different connected components. Let C be a smooth algebraic plane curve tropicalizing to Γ. In addition to being tropically smooth, we require that C is generic in a sense specified below. Moreover, the vertices and intersection points of Λ and Γ are assumed to be integral points (we can always reach that by replacing t 1 N by t for some N ). The possible combinatorial types of intersections of Λ and Γ (see Figure 5 ) of multiplicity greater or equal to two are:
(1) An edge of Γ intersecting an edge of Λ transversally in a point P .
(2) A vertex of Γ intersecting the interior of an edge of Λ in a point P .
(3) An edge of Γ intersecting Λ non-transversally in a line segment.
The interior of an edge e of Γ intersecting the vertex P of Λ.
(5) A vertex of Γ intersecting the vertex of Λ. In the following theorem, we treat each tangency point separately, and show that the conditions they impose on the line concur. The total number of lifts will be the product of
(3) Figure 5 . The possible intersection types -cases (1)- (5) the local lifting multiplicities, m(C, Λ, P i ), at each point P i . The local lifting multiplicity for the cases (1), (2) and (4) can be found in Table 1 . The lifting multiplicity for the case (3) can be found in Proposition 3.7 (see also Lemma 3.9 and Table 1) , and for case (5) in Proposition 3.11.
Theorem 3.1. Let Trop(C) = Γ be generic in the sense of Assumption 3.3, and let (Λ, P 1 , P 2 ) be a tropical bitangent, such that P 1 and P 2 are in different connected components of Γ ∩ Λ. If P 1 and P 2 are in the interior of the same edge of Λ, then (Λ, P 1 , P 2 ) doesn't lift to a bitangent to C. Otherwise, there are m(C, Λ, P 1 ) · m(C, Λ, P 2 ) many algebraic bitangents of C tropicalizing to Λ such that the tangency points tropicalize to P 1 and P 2 , where m(C, Λ, P i ) is specified in each case individually.
For each of the cases (1)- (5), we assume without restriction that the intersection point P is at (0, 0), which is on (the closure of) the horizontal end of Λ, and that the vertex of Λ is at (k, 0) for some k ∈ Z ≥0 . Then the defining equation of any lift of Λ is of the form
where val(m) = val(n) = 0. In order to state the genericity condition 3.3, we first need to define an invariant of tangency points which we call the initial lift. Propositions 3.6 and 3.7 motivate our choice of terminology: the initial lift equals the residue m of the constant coefficient of the line equation (5) in both cases (2) and (3). Definition 3.2. Let C = V (q) be a curve defined over K, and let Λ be a bitangent of Γ = Trop(C), that falls into one of the cases (2) and (3) above. Then the the initial lift of Λ and C at P , denoted I(Λ, C, P ), is as follows.
• (Case 2) Let (a+bx i y j +cx k y l )·x i y j be the three terms of q that correspond to the three regions of R 2 locally cut out around P by Γ. Then the initial lift I(Λ, C, P ) is defined to be the residue of
• (Case 3) Let ax i y j and bx k y l be the terms of q that correspond to the two regions of R 2 adjacent to P . Then the initial lift I(Λ, C, P ) is defined to be the residue of the quotient a b .
The genericity assumption in Theorem 3.1 can then be specified as follows:
Genericity assumption 3.3. With notation as in Theorem 3.1, we require that the tropicalization Γ of C is smooth. Furthermore, if P 1 and P 2 are in the interior of the same edge of Λ, we assume that the initial lifts do not agree, i.e. I(Λ, C, P 1 ) = I(Λ, C, P 2 ). If one of the points falls into case (5), we impose an additional condition, which is specified before Proposition 3.11.
This is a condition on the coefficients of the defining equation q of C, and there are only finitely many cases for possible Λ and P i to check. In particular, initial lifts for intersections contained in the same edge of Λ coincide. As a result, some of the tropical lines in that example would not lift generically, e.g. the one with the very left vertex in Figure 5 of [8] .
Proof of Theorem 3.1. If one of the tangency points is in the interior of an edge of both Λ and Γ, then Proposition 3.5 shows that there is no bitangent lifting Λ. This takes care of case (1). Otherwise, as described in Section 2.3, each tangency point P i determines m(C, Λ, P i ) possible values for one of the coefficients m of the line, and doesn't impose any condition on the other coefficient.
If the points are in the interior of the same end of Λ, then they each determine the same coefficient of the line. Together with the genericity assumption, we reach a contradiction, and it follows that the line doesn't lift. Otherwise, each point determines the value of a different coefficient, and we obtain m(C, Λ, P 1 ) · m(C, Λ, P 2 ) global lifts of Λ. The different cases (2)-(5) are dealt with in Propositions, 3.6, 3.7, 3.10, 3.11 below respectively. We now go through the cases (1)-(5).
Proposition 3.5 (Case (1)). Suppose that Λ and Γ = Trop(C) meet transversally at P along the interior of edges of both of them (see Figure 5 ). Then there is no line that is tangent to C at a lift of P . In particular, m(C, Λ, P ) = 0.
Proof. As in Section 2.3, we obtain three equations q, and the Wronskian W , which are listed in the second column of Table 1 . One easily checks that any solution would have val(x) = val(y) = 0, but then W has a unique term of lowest valuation. Hence, there is no solution.
Proposition 3.6 (Case (2)). Suppose that Λ and Γ = Trop(C) (where C satisfies the genericity assumption 3.3) meet properly along a vertex P = (0, 0) of Γ in the interior of the horizontal edge of Λ (see Figure 5 ). Then for any Puiseux series n of valuation 0, there exists a unique bitangent = y + m + t k n of C lifting Λ, where k is the distance from P to the vertex of Λ. In particular, m(C, Λ, P ) = 1, and the initial lift I(Λ, C, P ) as defined in 3.2 equals m.
Proof. Again, as in Section 2.3, we obtain three equations, which are listed in the third column of Table 1. Note that k = i: otherwise, Γ would have a horizontal edge adjacent to P , contradicting the assumption that the intersection, locally, consists of a single point. Since Γ is smooth, the vectors (i, j) and (k, l) form a unimodular basis. We may therefore Λ Γ Figure 6 . Case (2): Proper intersection along a horizontal edge. perform a change of coordinates A = x i y j and B = x k y l , and solve for A, B. One easily checks that the values for x, y, m appearing in the table are the unique solution for the system of equations. It follows that m equals the initial lift I(Λ, C, P ), which by definition 3.2 is the residue of
In order to make use of the non-Archimedean implicit function theorem as outlined in Section 2.3, we still need to show that the determinant of the residue of the Jacobian of the equations , q and W with respect to the variables x, y, and m, after plugging in the initial values x, y and m, is nonzero. We have q y (x, y) is nonzero if and only if jbx i y j−1 + lcx k y l−1 is nonzero. The latter equals
where we use that the vectors (i, j) and (k, l) form a unimodular basis, and that i = 0 since Γ has no horizontal edge at P . Similarly, q xx (x, y) is nonzero if and only if i(i − 1)bA + k(k − 1)cB is nonzero, which equals
where we use that k = i and k = 0, since Γ has no horizontal edge at P . None of the computations above depended on the value of n, and therefore the tangent lifts uniquely for any choice of trivially valued n. Proposition 3.7 (Case (3)). Suppose that P is in the midpoint of a line segment in the intersection of Λ and Γ (see Figure 5 ), and C satisfies the genericity assumption 3.3. Then for any Puiseux series n of valuation 0 there are exactly two bitangent lines with equations y + m + t k n · x lifting Λ, where k is the distance from the segment to the vertex of Λ. In particular, m(C, Λ, P ) = 2. The initial lift I(Λ, C, P ) as defined in 3.2 equals m for each of the two local solutions.
Proof. As always, we assume without restriction that the segment is horizontal, and that P = (0, 0). Since Γ is smooth, Λ and Γ locally intersect with multiplicity 2.
Let e denote the edge of Trop(C) which intersects Λ in a segment. Let e ∨ denote the dual edge in the Newton subdivision. Without restriction, we can assume that the negative valuations of the coefficients of q corresponding to the end vertices of e ∨ are 0. We let i be the exponent of x in the terms corresponding to those two end vertices, i.e. the edge e ∨ is in the column {x = i} in the Newton polygon. We distinguish two cases, depending on whether the distance k of the right adjacent vertex of e from the vertex of Λ (measured from the left) is positive or not. Both cases are depicted in Figure 5 . Assume first that k > 0. Because we assume smoothness of Γ = Trop(C), the edge e ∨ must form triangles with two vertices on the left and right of lattice distance 1 to e ∨ . Their negative valuations must be equal, and strictly smaller 0, since we assume that (0, 0) is the midpoint of the edge. Assume their negative valuations are −λ for some λ > 0.
If k > 0, we can assume that n = 0, and Λ is the horizontal line y = 0. We can do this, since y + m + nt k x is tangent if and only if y + m is. The coefficients of all the monomials corresponding to the x i−1 and x i+1 column have negative valuation strictly smaller than −λ. Otherwise we would not get a triangle in the Newton polygon. Let
be the monomials of q dual to e, where a ∈ K has valuation 0. Write a = a 0 + a 1 t + . . . .
Following the technique described in Subsection 2.4 (Case (I)), we modify the plane at Λ and pick a re-embedding of Trop(C) that will produce a proper intersection. We set z = y + a 0 and consider the projection of the re-embedded curve in the modified plane, defined byq = q(x, z − a 0 ). A line (x, z − a 0 ) is bitangent toq if and only if is bitangent to q, as in Remark 2.3. To compute the Newton subdivision ofq, note that the term x i y j+1 and a · x i y j of q are replaced by
It follows that the coefficient of x i · z 0 is (−a 0 ) j+1 + (−a 0 ) j · a which has valuation strictly larger than 0. All the other coefficients on the x i column have valuation 0.
On the x i−1 column, the point corresponding to x i−1 z j and all the points below it have negative valuation −λ. This is because x i−1 y j was the only point at that height in the Newton polygon of q (as a consequence of our smoothness assumption on Γ) and so no cancellation can happen. The same holds for the coefficients in the x i+1 -column. It follows that Newton polygon ofq locally looks as in Figure 8 .
The point corresponding to the x i z 0 is visible in the Newton subdivision only if it is above the line between the points corresponding to x i−1 z 0 and x i+1 z 0 .
We then adapt our modification such that more and more coefficients get cancelled. The exact numbers we have to pick for this depend on coefficients of higher terms of a and on other coefficients of q, but in any case, we can find a modification of the form z = y+a 0 +. . . such that the Newton subdivision and the curve are as in Figure 9 . In particular, we can reach that the coefficient x i z 0 has a negative valuation that is below the line imposed by the terms x i−1 z 0 and x i+1 z 0 . Figure 9 . The Newton polygon and dual curve after multiple modifications.
Depending on m, the re-embedded tropical line meets the tropicalization of the reembedded C either below, above, or at the vertex. Lemma 3.9 below shows that lines meeting the curve away from the vertex do not lift to a tangent, and that the line that meets the curve at the vertex yields precisely two possible liftsm for its constant coefficient.
Since the re-embedded lift of Λ has to show the special cancellation behaviour (since generically we obtain the modification of Λ which does not meet our requirements above), we conclude that for each of the two lifts, the initial coefficient of m equals a 0 , which by equation (6) equals the residue class of the quotient of the two coefficients of the defining equation q of C corresponding to regions of R 2 \ Γ. The latter equals the initial lift I(Λ, C, P ) by definition 3.2. Lemma 3.9 provides two distinct solutions for the coefficient of m of lowest order which is not determined by our choice of modification.
If k ≤ 0, the argument works similarly. We have to modify at Λ defined by the tropical polynomial max{0, N + x, y} with N < 0. We are in case (II) described in Subsection 2.4, and so in principle we have to consider three projections and the cone feeding. However, since the coefficient n of x in a lift of Λ has a higher valuation, we can neglect its effect and focus on the "vertical down" feeding in the projection to x and z as in Figure 3 . Accordingly, we consider only the part of the curve in the cell σ 4 of the modified plane, because this is the cell that contains the point of tangency. For that reason, we can follow along the same lines as in the case where k > 0 and obtain a re-embedding such that Trop(g) has a Newton subdivision as depicted in Figure 9 (except (0, 0) is not the midpoint of the edge e, but the midpoint of the segment of intersection of Trop(C) and Λ). Applying Lemma 3.9 again yields the result.
Remark 3.8. When k = 0 of Proposition 3.7 requires more attention: in that case, the vertex of the line coincides with a vertex of the curve, and the stable intersection multiplicity along the component of intersection may be higher than 2. Therefore, we may have more than one tropical tangency point in the component. Under the assumption in this subsection, that the points P and Q of (Λ, P, Q) are in different connected components, the same methods as in Proposition 3.7 apply, and the local lifting multiplicity is still 2. When P and Q are in the same component, this is dealt with in Subsection 3.2.
The following lemma was used in the proof of Proposition 3.7 above, for a point P in the newly attached cell of the modified plane. Locally, the point had coordinates P = (P x , 0) with P x < 0. In the proof below, we assume without restriction that the point of tangency is at the origin -this just amounts to a shift, and multiplication with an appropriate power of t.
Lemma 3.9. Denote v = (0, 0), and let Γ = Trop(q) with
Let Λ be a tropical line with vertex at (k, l) for some k > 0, whose horizontal end meets Γ. If the intersection is at the vertex v, then for any choice of trivially valued n, there are two tangents = y +m + t k n of V (q) lifting Λ. Otherwise, Λ doesn't lift.
Proof. As usual, we set up the three equations as in Subsection 2.3 (see Table 1 ). When the line passes below the vertex, the assumption on the valuation of the coefficients implies that there is no solution to the equations. When the line passes at the vertex, one checks that, for any value of n, there are two solutions for the initial terms of x, y, m, such that the conditions of Theorem 2.2 are satisfied. q 2 Figure 10 . A local intersection as in Lemma 3.9 -in particular, the type of intersection we obtain after modifying.
Proposition 3.10 (Case (4)).
Suppose that Λ and Γ = Trop(C) (where C satisfies the genericity assumption 3.3) meet with multiplicity greater one at the vertex P = (0, 0) of Λ, which is in the interior of an edge e of direction u of Γ (see Figure 5 ). Assume the other tangency point Q is on the end of Λ of direction v. Then there are m(C, Λ, Q) · | det(u, v)| bitangents = y + m + nx lifting Λ.
Proof. Let u = µ λ . We assume without restriction that the other tangency point Q is on the diagonal end of Λ, so that | det(u, v)| = |µ − λ|. The other cases follow from this case using the appropriate coordinate change. Since the intersection multiplicity is at least 2, it follows that λ, µ = 0, and that λ = µ. Table 1 lists the three equations as in Subsection 2.3 (where we use that the lowest order terms of q vanish in (x, y)). The fact that Q is on the diagonal end of Λ implies that we can view one of m(C, Λ, Q) possible lifts for n as fixed, and we have to find lifts for m. To compute the Jacobian (see table 1), we use again that the lowest order terms of q vanishes at (x, y). Its determinant is
where in the first equality we use y = − µn λ x. This is nonzero for any choice of initial x, y, since λ = µ.
We next deal with the case where the tropical tangency point is at a vertex P of both the line and the curve. We set up notations as follows. Assume (without restriction) that the triangle dual to the vertex of Γ has vertices (i, 0), (0, j), (k, l) such that j > i, 0, and (k, l) is to the right of the affine line spanned by the two other vertices (see Figure 11) . Further, we assume that the second tangency point Q is in the interior of the diagonal end of the line, so that n is already fixed. Note that these conditions do not restrict generality, since they will always be satisfied after multiplying by a suitable power of y or permuting the parameters. The curve will further need to be generic in the sense that it doesn't have any hyperflex points or tritangent lines (these are indeed generic conditions, see [13, Proposition 11 .10] and [15] ), and n avoids the following values: (5)). With notations as above, when a curve Γ and a line Λ meet at a vertex P of both, there are m(C, Λ, Q) · M bitangents = y + m + nx lifting Λ, where M is determined as follows.
If (i, j) = (1, 1) and i, l = 0 then there are that P is at the point (0, 0), and as always, we obtain 3 equations,
in variables x, y and m. The number of bitangents tropicalizing to Λ equals the number of intersection points of q, and W with trivial valuation. Since m only appears in the equation , and we assume that n is fixed by the tangency point Q, the number of solutions equals the intersection of q and W (note that by the assumption that there are no tritangent lines, different choices of the point of tangency imply that m is different as well). We compute the intersection multiplicity using tropical intersection: if Γ and Trop(W ) intersect transversally, then by [26] , the number of lifts equals the local tropical intersection number at the vertex. If they don't intersect transversally, we replace them with an equivalent system of equations that does. Denote Ω = Trop(W ), and ∆ Γ , ∆ Ω the polygons dual to the vertex at the origin of Γ and Ω respectively.
We begin with the case i = j = 1. Then W = a − nb + kcx k−1 y l − nlcx k y l−1 , and the constant term is non-zero by the assumption n = a b . By regularity of Γ, it follows that k + l = 2. If neither k or l equals 0, then the rays of Γ and Ω are
respectively, and they intersect properly at multiplicity 2 (see Figure 12 on the left). If either k or l is 0, it is straightforward to check that there is a unique common solution for q and W with trivial valuation. Next, assume that (i, j) = (1, 1), and none of i, j, k, l is zero. The polygon ∆ Ω has vertices (i − 1, 0), (0, j − 1), (k − 1, l), (k, l − 1). The value of k + l determines the relative position of the vertices of Ω: the vertex (k, l −1) is to the right the line spanned by (i−1, 0) and (0, j − 1) if and only if k + l < j + 1, and similarly, (k − 1, l) is to the right of the line if and only if k + l < i + 1. We treat each case individually.
Assume first that i + 1 < j + 1 < k + l (see Figure 12 ). When i > 0, regularity implies that k < 0 and l > j. The condition k + l > j + 1 implies that the line spanned between (k − 1, l) and (k, l − 1) hits the y axis above j − 1. It follows that one of the rays of Γ will be in the (1, 1) direction. When i < 0, regularity implies k > 0, l > j, and we similarly obtain a ray in the (1, 1) Γ:
Locally at the vertex, Γ and Ω intersect properly with multiplicity l + k − i + 1.
If k + l = j + 1, then the rays in counter clockwise order are Γ:
Again, Γ and Ω intersect transversally at multiplicity j − i + 2.
If i + 1 < k + l < j + 1 then the tropicalizations Γ and Ω overlap along the ray 
+ O(t).
We plug that into W and multiply by y, to obtain a new equation
Note l − j = 0, since otherwise j = k = l = 1, contradicting the fact that k + l < j + 1. Now, Γ and Ω intersect properly, and their rays in counter clockwise order are Γ:
The curves intersect properly with local multiplicity j − i + 1 at the vertex, as claimed.
If i + 1 = k + l < j + 1, then Γ and Ω overlap along the ray j−l k . As usual, we plug in cx k y l−1 = −ax i −by j y + O(t) to W and multiply by y to get W , whose tropicalization Ω has rays
Now Ω and Γ intersect properly with multiplicity j − i + 1. If k + l < i + 1 < j + 1, we make a change of variable
which brings us to the case j + 1 ≤ k + l . As we have already seen, the number of lifts
Finally, we deal with the case where at least one of i, k, l is 0. If k = 0 then either i = 1, l = j + 1, j > 1, or i = −1, l = j − 1 ≥ 0. When i = 1, we have q = ax + by j + cy j+1 and W = a − n(jby j−1 + (j + 1)cy j ). In this case, the rays of Γ around the origin are
whereas Ω is just a horizontal line with multiplicity j, and they overlap along the
direction. The stable intersection at the vertex has multiplicity j. By [27] , there are j intersection points that tropicalize to the segment where Ω and Γ overlap. The x coordinate Figure 14 . "Star-shaped" intersection.
of any solution that doesn't tropicalize to the vertex will have positive valuation. However, using the fact that n = (−a) −l ). If l = 0, then j = 1 and k = i + 1. The only relevant case is where i < 0 (otherwise i = 1 which we already dealt with, or i = 0 which means that a tropical line is not tangent at the point), which similarly to the other cases yields 1 − i lifts (using that assumption n = bc i−1 (−a) i ).
3.2.
Lifting tropical lines tangent at two points of the same connected component. We now consider bitangent lines (Λ, P, Q) such that P and Q are in the same connected component of the intersection of Γ with Λ. We still assume that Γ is smooth and P = Q. Since P and Q cannot lie in the interior of the same edge of the line, the intersection must contain a trivalent vertex V of the curve, which coincides with the vertex of the line. There are two cases to deal with. The first is when all the edges emanating from V are aligned with the edges of the line. We refer to this case as "star-shaped" intersection. If the three edges of Γ adjacent to V are bounded, and the shortest of their length is unique, the bitangent lifts 4 times (see Figure 14 and Proposition 3.12). The other case is where the overlap is along a line segment, and one of the points of tangency is at the vertex. The bitangent doesn't lift in this case (see Figure 17 and Lemma 3.14).
For this subsection as before, we let Γ = Trop(C) and assume that Γ is smooth.
Proposition 3.12. Let (Λ, P, Q) be a tropical bitangent such that P and Q are contained in a star-shaped intersection between Λ and Γ. Assume that the three edges of Γ adjacent to the vertex V are bounded, and that Γ is generic in the sense that the shortest length of the three adjacent edges is unique. Then Γ lifts to four bitangents of C. The point corresponding to λ 2 can be any lattice point on the green line segment (if λ 2 < λ 3 , in case of equality the line segment can be extended to reach the red line), the point λ 3 can be any point on the red line segment. The picture also sketches the effect of the "cone feeding" for the projection q xz .
Proof. Assume that the three edges of Γ adjacent to V have lengths λ 1 , λ 2 and λ 3 with λ 1 < λ 2 ≤ λ 3 . Without restriction, we let V be at the point (0, 0). In the dual Newton subdivision of Γ, there is a triangle V ∨ dual to V with vertices corresponding to the monomials x i y j+1 , x i y j and x i+1 y j . Assume that the defining equation q of C has coefficients 1, b and a for these monomials. We can assume without restriction that the valuation of these three coefficients is 0. The three facets of the triangle V ∨ each form another triangle with vertices that must be of lattice distance 1 from the facets by our smoothness assumption. Without restriction -possibly after a linear change of coordinates -we can assume that the vertex V 1 corresponding to the term with coefficient of valuation λ 1 forms a triangle with the horizontal facet, the term with λ 2 belongs to the vertical facet and λ 3 to the diagonal (see Figure 15) . By our assumption λ 1 < λ 2 ≤ λ 3 , there are exactly three possible positions for V 1 , as depicted in Figure 15 . If V 1 was on the left of case (1), it would form a triangle with the vertical facet instead of the point with λ 2 . If it was on the right of case (3), it would win over λ 3 . Figure 15 also depicts the possible locations for the vertices corresponding to λ 2 and λ 3 .
We modify the plane at Λ as in case (II) of Subsection 2.4, via a linear re-embedding of Trop(C) using the lift αx + y + β of Λ. We study the linear re-embedding using the projection π xz given by q xz = q(x, z − αx − β). For now, consider α and β as variables standing for Puiseux series of valuation 0, we will specify how to pick them in the three different cases corresponding to the locations of V 1 as we proceed.
We start by computing the contributions of the three vertices of V ∨ to the monomials x i+k for 0 ≥ k ≥ j + 1 and to x i+k z for k = 0 and k = j in q xz . That is, we need to compute the coefficients of those monomials in
For x i z, we obtain
For x i+j z, we have
No matter where V 1 is located, we pick the C-coefficients of the Puiseux series α, from the initial (i.e. from the coefficient of t 0 ) to order λ 1 , to be equal to the corresponding coefficients of a, and the same for β and b. It follows that the valuation of the coefficient of x i+k is at least λ 1 for each k = 0, . . . , j + 1, whereas the valuation of the coefficient of x i z and x i+j z is 0. To pick the coefficients of α and β of order λ 1 and higher, we have to distinguish cases depending on the location of V 1 .
Assume first that V 1 is at x i y j−1 (case (1) in Figure 15 ). Notice that the contribution x i gets from V 1 by "cone feeding" is d · t λ 1 (−1) j−1 β j−1 , if d · tλ 1 is the coefficient of the term of V 1 in q, where d ∈ K has valuation 0. Thus, after picking α and β up to order λ 1 , the lowest order term of the coefficient of
where we denote by b i the coefficient of t i in b and accordingly. Using b 0 = β 0 we can make the above disappear by picking
. We let α and a agree at order λ 1 . Notice that this choice implies that the valuation of the coefficients of x i+1 , . . . , x i+j−1 is exactly λ 1 . Continuing like this, we can pick α and β such that the valuation of the coefficient of x i is greater than 1 2 (λ 1 + λ 2 ), and the valuation of the coefficient of x i+j+1 is greater than 1 2 (λ 1 + λ 3 ). It follows from the smoothness that the valuation of the coefficient of x i−1 is λ 2 , and of x i+j+2 is λ 3 . We conclude that the (relevant part of the) Newton subdivision (i.e. the local picture visible in the attached cell of the modification of R 2 ) of Trop(V (q xz )) is as depicted in Figure 16 .
In particular, Trop(V (q xz )) has a unique liftable bitangent line Λ which locally at each tangency point satisfies the conditions of Lemma 3.9. Notice that it follows from our assumption −λ 1 > −λ 2 ≥ −λ 3 that the two points of tangency are contained in the open interiors of the cells σ 4 resp. σ 6 of the modified plane.
Using Lemma 3.9, we can now, for each point of tangency, pick two choices for the initials of the coefficients of Λ . Combining these four choices with the values we picked for the low order terms of α and β in the modification process, we obtain exactly four lifts of Λ. Figure 17 . The stable intersection of Λ and Γ at the vertex P of Λ is 3, the stable intersection at Q is 1.
If V 1 corresponds to the monomial x i+1 y j−1 (case (2) in Figure 15 ), we proceed analogously: We start by picking α 0 = a 0 , . . . , α λ 1 −1 = a λ 1 −1 and β 0 = b 0 , . . . , β λ 1 −1 = b λ 1 −1 . The valuation of the coefficient of x i is λ 2 and so the vertex dual to x i−1 , x i z and x i+1 (whose coefficient has valuation λ 1 ) already satisfy the requirements. The coefficient of x i+j+1 may inherit a contribution of order λ 2 , and since λ 2 may be less than λ 3 , we then have to pick α at the corresponding orders accordingly to make the negative valuation drop below the average of the negative valuation of the coefficient of x i+j (which is −λ 1 ) and x i+j+2 (which is −λ 3 ). In any case, we will end up with the same picture as in Figure 16 , and thus with exactly four lifts of our bitangent.
The case (3) of Figure 15 (V 1 corresponding to x i+2 y j−1 ) is symmetric to case (1) and works analogously.
Remark 3.13. The modification technique used in the proof of Proposition 3.12 can be adapted to the case where one of the edges of Γ adjacent to V is unbounded. In this case, the local intersection multiplicity is not 4 but 3, and there is only one tangency point P near V . The other tangency point Q has to be on a ray of which aligns with one of the bounded edges e at V . Using the genericity assumption as in 3.3 that the initial lift of Q does not equal the initial lift at e (i.e. the quotient of the initials of the two coefficients corresponding to e in the defining equation for Γ), we conclude that P must be the midpoint of the other bounded edge at V , and the local lifting multiplicity for Λ is m(C, Λ, P ) = 2.
Lemma 3.14. Suppose that a connected component of Γ ∩ Λ is a line segment containing points P and Q (see Figure 17) . Then (Λ, P, Q) doesn't lift to a bitangent of C.
Proof. Since P and Q are in the same connected component, the stable intersection multiplicity between Γ and Λ along the component must be at least 4. As in the discussion at the beginning of the subsection, we may assume that one of the points, P is at the vertex of the line. Further, we may assume that Q is the midpoint of the segment, since otherwise we already know that the bitangent doesn't lift. Assume that the vertex is at the origin. By symmetry we can assume that the overlapping edge is horizontal. By smoothness, the curve q has the form a + by + cxy k + O(t) for some |k| ≥ 2.
We treat the case k ≥ 2, the case k ≤ −2 follows similarly. Write q = a+by+cxy k +O(t). Let = y + m + nx. In order for the tangency point at the middle of the horizontal edge to lift, it is necessary that m equals the initial lift defined in 3.2, namely m = a b (see case (3) of Theorem 3.1, resp. Proposition 3.7). Considering the first order terms of the equations of the line, the curve and the Wronskian for the tangency point at the vertex (see Section 2.3), we get
The first equation is equivalent to nbx = −by − a, and the third is equivalent to cxy k = nx(b + kcxy k−1 ). Plugging both of these into the second equation, we get ( Proof. Fix a smooth tropicalized quartic Γ satisfying the genericity condition, and let P +Q be a theta characteristic. By [6] , there is always at least one bitangent Λ between P and Q. If one of the connected components of the intersection is a bounded segment, then one of the points will be in the midpoint of that segment. Note that we can rule out any intersection of multiplicity 3 because then the line will not be bitangent.
Let us first deal with the case where the stable intersection along one connected component has multiplicity 4. Any non-proper such intersection must contain the vertex of Λ, and so it is symmetric to one of the cases considered in Proposition 3.12 and Lemma 3.14. In Proposition 3.12, the line Λ is easily seen to be the unique element in its equivalence class, and it lifts with multiplicity 4. In Lemma 3.14, Λ itself does not lift, but as we see in case (a3) below there are two other representatives of its equivalence class that each lifts with multiplicity 2.
A proper intersection of multiplicity 4 can (up to symmetry) only occur on an edge of slope (4, 1) . A line intersecting the open interior of such an edge cannot lift to a bitangent by Theorem 3.1. Assume the vertex of Λ intersects a vertex of Γ adjacent to an edge of slope (4, 1) at P = (0, 0). By smoothness, P has to be adjacent to a horizontal edge of Γ. That is, its dual polygon can be assumed to have vertices (1, 0), (0, 4) and (1, 1), or (1, 0), (0, 4) and (0, 3). There must be either two different tangency points tropicalizing to P or one point that admits a hyperflex, i.e. a line intersecting C at one point with multiplicity 4. Let us first assume there are two different tangency points, and that the polygon is .3. We use Singular [10] to compute the saturation of the ideal generated by these polynomials by the ideal generated by x − r and y − s. In this way, we impose that the two tangency points lifting P are distinct. The saturation of the ideal is generated by
It follows that there is exactly one lift of Λ to a bitangent of C. The computation for the other possible polygon is analogous and also leads to one lift. A similar computation with Singular shows that Λ does not lift to a hyperflex.
Assume now that Λ has its vertex at the point dual to the polygon with vertices (1, 0), (0, 4) and (0, 3). We can move the vertex of the tropical line along the edge of slope (4, 1) until we obtain Λ whose vertex is at the point dual to the polygon with vertices (1, 0), (0, 4) and (1, 1). We vary the tropical line within its equivalence class. We can continue moving the vertex of the tropical line along the adjacent horizontal bounded edge (staying within the equivalence class of the bitangent), until we obtain Λ whose diagonal end hits another vertex (by smoothness of Γ, this is the only way we can continue to vary the tropical bitangent within its equivalence class) (see Figure 18 ). The bitangent Λ has two tropically different tangency points: one in the middle of the horizontal line segment with local lifting multiplicity two according to Theorem 3.1, and one at a vertex of Γ with local lifting multiplicity 1. It follows that Λ lifts with multiplicity 2. Obviously, we leave the equivalence class if we continue moving the vertex of the tropical bitangent in any other way. Thus, for this case we have two members of the equivalence class that lift once and one member that lifts twice.
Let us now assume as in Theorem 3.1 that P and Q are contained in different connected components of Λ ∩ Γ. We begin by considering the case where P and Q are in the interior of different ends of the line. Without restriction, we assume that P is on the horizontal end of Λ, and Q on the diagonal. We fix P and move Λ in a one-dimensional family by moving its vertex on a horizontal line, studying the different possibilities for the second tangency point Q. Possible locations of Q with respect to Γ are: 1, 3) for an edge of a quartic meeting a vertex of a bitangent which has another intersection of multiplicity 2 on its horizontal end.
In case (a), the local lifting multiplicity of Λ at Q is 1 by Theorem 3.1. The vertex v is adjacent to three edges, of which exactly one, say e, meets the diagonal end of Λ with multiplicity 2. It has to be a bounded edge. The one-dimensional family of tropical lines we obtain by moving Λ (fixing P ) has a bounded subfamily where the intersection of the diagonal end is along e. The two boundary points of the subfamily correspond to Λ and a tropical line Λ satisfying one of the following: 3) . The adjacent vertex has to be smooth. The local intersection multiplicity at the vertex either equals three if it is adjacent to the horizontal edge containing the other tangency point (as in Lemma 3.14, see Figure 17 ), or it cannot be bigger than two. In the first case, we can continue moving the vertex of Λ to the right until we obtain Λ whose vertical end hits another vertex Q of Γ as in case (a1). The local lifting multiplicity of Λ at Q is 1. In the second case, the dual polygon must be (a shift of) the triangle with vertices (0, 0), (1, 0) and (1, 1) . To compute the local lifting multiplicity, we can use Proposition 3.11 after a suitable coordinate change, resp. a direct computation. After a coordinate change, the curve has rays Figure 20 . Possible locations of tangency points.
which is the case i = 1, j = 1, k = 0, l = 2 of Proposition 3.11. It follows that the local lifting multiplicity of Λ at Q is 1.
In case (b1), Λ itself does not lift, but it belongs to a bounded subfamily as in case (a) for which the two boundary elements lift just as before (see Figure 20 (b1) ).
In case (b2), Λ cannot be varied in a nontrivial family fixing P and maintaining a second tangency point. The local lifting multiplicity at Q is two (see Figure 20 (b2) ).
In any case, we see that we can vary Λ in a (possibly trivial) family of tropical lines such that the sum of the local lifting multiplicities is 2. By symmetry, we obtain the same by fixing Q, and thus altogether we get a family such that the sum of the multiplicities of all members that lift equals 4.
If P and Q are in the interior of the same end of the line, then by the genericity assumption the line Λ does not lift (this includes the case where a segment extends all the way to the vertex). By moving the vertex of Λ until one of the tangency points is at its vertex, we get a bitangent that possibly lifts, and we deal with this case next.
If P is in the interior of (without restriction) the horizontal end, and Q is at the vertex of Λ, then we have to consider the following cases:
(a2') As in case (a2) above, Q can be in the interior of an edge of Γ. We can vary Λ in a one-dimensional family maintaining tangency until the diagonal end meets a vertex as in Figure 20 (a2). As in case (a2), for both boundary points of the family, the local lifting multiplicity of Λ (resp. Λ ) at Q (resp. Q ) is one. (a3') Q can be at a vertex of Γ which intersects Λ non-transversally. If we can move Λ maintaining the tangency, then this is the behaviour we have studied in case (a3) before. As we have seen in (a3), there is only one possible dual polygon for such a vertex. There, we have also computed the local lifting multiplicity of Λ at Q to be one. As above, Λ can be varied in a bounded one-dimensional family such that the other boundary point is the only one with nontrivial local lifting multiplicity at the respective intersection point, and the local lifting multiplicity equals one. If we cannot move Λ maintaining the tangency, then there is only one case to check up tp symmetry, namely the vertex of Γ is dual to a polygon with vertices (1, 0), (2, 0) and (0, 1). This is true, since we can without restriction assume that the vertical end of Λ overlaps with an edge of Γ, and since we have an intersection of multiplicity two. So, we can assume q = ax + bx 2 + cy + O(t), where a, b and c have valuation zero. Using Proposition 3.11 (after a suitable coordinate change), resp. a direct computation, we conclude that the local lifting multiplicity is two. An example for this case can be seen in Figure 21 , it is the line with vertex at the point labeled 3. (a4) Finally, Q can be at a vertex of Γ at which Γ and Λ intersect is transversally (see Figure 20 (a4)). Then locally we are in case (5) of Theorem 3.1. Λ does not vary in a (nontrivial) family maintaining the tangency: if we move its vertex left, it is not locally tangent, if we move it to the right, the two tangency points are in the interior of the same end of the tropical line which therefore does not lift by Theorem 3.1. The local lifting multiplicity of Λ at Q is 2 by Theorem 3.1.
As before, we can see that a tropical bitangent varies in a (possibly trivial) bounded family for which only the boundary points have a nontrivial local lifting multiplicity, and the sum of the local lifting multiplicities equals 2 in each case.
Example 4.2. To illustrate the main result of this section, we find the liftable bitangents of an explicit tropical quartic. Figure 21 shows a tropicalized quartic satisfying the requirements of Theorem 4.1 (with defining equation (1)), and the vertices of the tropical bitangent lines that lift. Note that the vertices labelled 2a and 2b belong to tropical lines in the same equivalence class, they each lift with multiplicity 2. All other vertices belong to the unique member of the respective equivalence class that lifts, and they each lift with multiplicity 4.
Remark 4.3. As exhibited by Akshay Tiwary and Wanlong Zheng during a FUSRP at the Fields Institute [34] , there are smooth tropical quintic and sextic curves such that the number of lifts is not the same for all the equivalence classes of bitangents. In particular, it is not true anymore that every bitangent class lifts 4 times. It is still conjectured that the Figure 22 . The re-embedded curve with equation (1), modified at bitangent 1 and projected to the yz-plane. In blue, the bitangent line for which we compute lifts.
number of lifts of every bitangent class is divisible by 4, and that there is a finer equivalence relation for which every class lifts 4 times.
Lifting real bitangents
The question of how many bitangent lines of a real quartic are real dates back to Plücker. The answer depends on the topology of the real curve, a topic studied intensely in real algebraic geometry in the context of Hilbert's sixteenth problem. A real quartic can have between 0 and 4 ovals. It has 4 real bitangents if it has 0, 1 or 2 nested ovals, 8 if it has 3 non-nested ovals, 16 if it has 3 ovals and 28 if it has 4 ovals [30] .
By the Tarski principle [18] , the field of Puiseux series with real coefficients is equivalent to the reals, so we can count real bitangents by lifting tropical bitangents to L. This principle has been applied to other problems in tropical geometry, see e.g. [1, 22] . By Viro's Patchworking method, we can read off the topology of a real quartic (close to the tropical limit) from its tropicalization and the signs of the coefficients [35, 16] .
The question which of the 7 tropical bitangent classes lifts, and how many lifts it has, can be answered for concrete cases with our lifting approach. Thus we lay the ground for a tropical enumeration of real bitangents. Before we can deduce Plücker's real bitangent count using tropical geometry, a major combinatorial classification task has to be completed. The following example illustrates the applicability of our methods to tropical counts of real bitangents.
As in the proof of Theorem 4.1, the local (complex) lifting multiplicity at each tangency point of a tropical bitangent was either 1 or 2. If a local lifting multiplicity is 1, then the unique solution has to be real if the input data is real. If a local lifting multiplicity is 2, our solutions for initials involve a square root, and so there can be either 2 or no real solution, depending on the sign of the radicand.
5.1.
A comprehensive example for real lifts of tropical bitangents to a tropicalized quartic. Consider the quartic from example 4.2, given by equation (1) over the reals. We now go through the seven tropical bitangents depicted in Figure 21 and determine the number of real lifts for each. We denote the tropical bitangent with vertex at i by Λ i .
For Λ 1 , we have to use the modification technique (II) described in Subsection 2.4, we use the equation z − x − y + ty + t 2 y − 1 to reembed. Projecting to the yz-coordinates, we obtain a curve with two tangency points as in Lemma 3.9 that each give two lifts for the two coefficients of the bitangent. The (relevant part of the) projection of the re-embedded curve to the yz-plane is depicted in Figure 22 . We compute the lifts for the tangency point (−1, 1) . The local equation of the tropicalized curve is q = −t + t 3 y 2 − z, the local equation of the line is = z + k · y, and so for the Wronskian as in Subsection 2.3 we get W = 2t 3 y + k. Solving these equations, we obtain a negative radicand for y, which implies yields two non-real solutions for the coefficient k of the modified bitangent line. Thus there are no real lifts for Λ 1 .
For Λ 2a and Λ 2b , we use the modification technique (I) described in Subsection 2.4. Passing to the projection of interest, we can immedialy substitute x by x − 1 3t 4 . The solutions for the initials we obtain from Lemma 3.9 involve the square root of the product of the constant term and the y 2 -coefficient after this substitution, whose initials are 1/81 resp. 1/9, so the radicand is positive and we get two real solutions for the x-coefficient of in each case. Since the bitangents with vertices at 2a and 2b each have local lifting multiplicity one at the other tangency point, we get real solutions for the constant coefficient of also and in conclusion, the bitangent class 2 with the two bitangents Λ 1 and Λ 2 lifts to 4 real bitangents.
For Λ 3 , we use the modification technique (I), substituting y with y − t 5 . The new constant coefficient has leading term −t 12 , the new x 2 -coefficient with −t 5 , for xy we start with 1. Using the solutions computed in Lemma 3.9 we obtain for the second term of m the two real solutions ±2t 17 2 . We use this to set up the local equations for computing lifts of locally around the second tangency point: q = t 11 x 4 + t 8 x 3 + x 2 y ; = y + t 5 ± 2t 17 2 + nx, W = 2t 11 x + t 8 − n.
Solving for x, y and n we obtain two imaginary solutions for n, so Λ 3 has no real lift. For Λ 4 , we substitute y with y − x − tx, then the x 4 -coefficient starts with t 3 , the x 2 -coefficient with −1, the x 2 y with 1 and the x 3 with −2t 2 (which is not visible). We can thus use the solutions computed in Lemma 3.9, and obtain two non-real solutions. Thus, Λ 4 does not have any real lifts.
For Λ 5 , we substitute y with Figure 23 . Combinatorial patchworking for the curve defined by equation (1) reveals two nested ovals.
5.2.
Further study. We can deduce from the example above that the number of real lifts of a tropical bitangent cannot be computed solely from the combinatorial properties of the tropicalized curve: the signs of the coefficients play a role in the solution, but even more challenging, the signs after coordinate changes (which we determine using modifications) have to be controlled. Before our methods can be souped up to a tropical way to count real bitangents, this obstacle has to be overcome, and a combinatorial classification of real lifts has to be mastered. Nevertheless, in all our example computations, we observed that a tropical bitangent class, either has 4 real lifts (i.e. all complex lifts are real), or no real lift. This was true even in cases where a bitangent class had several liftable representatives, e.g. 3 representatives that lift with (complex) lifting multiplicity 1, 1 and 2. (A priori one could be tempted to think that we just need to pick signs in such a way that the representative with complex lifting multiplicity 2 has only imaginary solutions -that way we would produce an example with a class which has 1+1+0 = 2 lifts -but in our example classes this was not possible.)
Considering that the number of real bitangents to a quartic is always divisible by 4, and building on our examples and computations, we set up the following conjecture:
